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LI-YORKE SENSITIVE AND SENSITIVE GENERALIZED SHIFT
DYNAMICAL SYSTEMS
F. AYATOLLAH ZADEH SHIRAZI, M. HAGH JOOYAN, A. HOSSEINI
Abstract. Our main aim is to characterize Li-Yorke sensitivity and sensitiv-
ity of the generalized shift dynamical system (XΓ, σϕ) for finite discrete X
with at least two elements, nonempty countable Γ and self-map ϕ : Γ → Γ.
We prove that the following statements are equivalent:
• the generalized shift dynamical system (XΓ, σϕ) is Li-Yorke sensitive;
• the generalized shift dynamical system (XΓ, σϕ) is spatiotemporally chaotic;
• the generalized shift dynamical system (XΓ, σϕ) is dense chaotic;
• the map ϕ : Γ→ Γ does not have any periodic point.
Also we see that (XΓ, σϕ) is sensitive (resp. strongly sensitive) if and only if
ϕ : Γ→ Γ has at least one non-quasi periodic point.
2010 Mathematics Subject Classification: 37B99
Keywords: asymptotic sensitive, dense chaotic, Li-Yorke sensitive, sensitive, spa-
tiotemporally chaotic, strongly sensitive, generalized shift.
1. Introduction
One of the first concepts introduced in the intermediate mathematical level, is the
concept of a self-map ϕ : Γ→ Γ. We recall that a point a ∈ Γ is a periodic point of
ϕ : Γ → Γ if there exists n ≥ 1 with ϕn(a) = a and it is a quasi-periodic point of
ϕ : Γ→ Γ if there exist n > m ≥ 1 with ϕn(a) = ϕm(a). We denote the collection
of all periodic (resp. non-quasi-periodic) points of ϕ : Γ → Γ with Per(ϕ) (resp.
W (ϕ)).
One may find with an elementary approach that the map ϕ : Γ → Γ does not
have any periodic point if and only if W (ϕ) = Γ (note that if α ∈ Γ \W (ϕ), then
it is a quasi periodic point and there exist n > m ≥ 1 with ϕm(α) = ϕn(α) by
ϕn−m(ϕm(α)) = ϕn(α) we have ϕn−m(ϕm(α)) = ϕm(α) then ϕm(α) ∈ Per(ϕ),
and Per(ϕ) 6= ∅).
Now for nonempty set Γ and ϕ : Γ→ Γ we have the following diagram:
ϕ is one to one and Per(ϕ) = ∅ +3 W (ϕ) = Γ +3 W (ϕ) 6= ∅
For suitable generalized shift dynamical system (XΓ, σϕ) which we deal in this
paper, the first statement in the above diagram “ϕ is one to one and Per(ϕ) =
∅” is equivalent to “(XΓ, σϕ) is Devaney chaotic” [5, Theorem 2.13] and the last
statement “W (ϕ) 6= ∅” is equivalent to “(XΓ, σϕ) is Li-Yorke chaotic” [4, Theorem
3.3]. We return to this diagram after our main theorem and show that the second
statement “W (ϕ) = Γ” is equivalent to “(XΓ, σϕ) is Li-Yorke sensitive”, moreover
the implications of the diagram are not reversible.
In this text by N we mean the set of positive integers {1, 2, . . .}.
What is a generalized shift? By a dynamical system (or briefly system) (Z, f)
we mean a topological space Z and continuous map f : Z → Z. One of the most
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famous dynamical systems is one-sided shift dynamical system σ : {1, . . . , k}N →
{1, . . . , k}N with σ((xn)n∈N) = (xn+1)n∈N (for (xn)n∈N ∈ {1, . . . , k}
N). Studying
dynamical and non-dynamical properties of one-sided shift has been considered by
several authors, however the reader may find interesting ideas in [11] too.
For nonempty arbitrary set X with at least two elements and nonempty set Γ,
we call σϕ : X
Γ → XΓ with σϕ((xα)α∈Γ) = (xϕ(α))α∈Γ (for (xα)α∈Γ ∈ X
Γ) the
generalized shift. If X has a topological structure and XΓ equipped with product
(pointwise convergence) topology, then it is evident that σϕ : X
Γ → XΓ is con-
tinuous, so we may consider the dynamical system (XΓ, σϕ). Moreover X
Γ is a
compact metrizable space if and only if X is compact metrizable and Γ is count-
able. Generalized shift has been introduced for the first time in [3], which has
been followed by studying several properties of generalized shifts like, topological
entropy [2], Devaney chaos [5] and Li-Yorke chaos [4].
2. Preliminaries in dynamical systems
In the dynamical system (Z, f) with compact metric phase space (Z, d), we say
x, y ∈ Z are scrambled or (x, y) is a scrambled pair of (Z, f) if
lim inf
n→∞
d(fn(x), fn(y)) = 0 and lim sup
n→∞
d(fn(x), fn(y)) > 0 .
We denote the collection of all scarmbled pairs of (Z, f) with S((Z, d), f) or briefly
S(Z, f). We call a subset A of Z with at least two elements an scrambled set if every
distinct pairs of elements of A is an scrambled pair, i.e., A × A ⊆ S(Z, f) ∪ ∆Z ,
where ∆Z = {(z, z) : z ∈ Z}. Also for ε > 0 let Sε((Z, d), f) or briefly Sε(Z, f) is
{(x, y) ∈ S(Z, f) : lim sup
n→∞
d(fn(x), fn(y)) > ε}.
Note 2.1. Suppose d and d′ are two compatible metrics on compact mrterizable
space Z, then for every ε > 0 exists δ > 0 such that
∀x, y ∈ Z (d′(x, y) < δ ⇒ d(x, y) < ε).
Now suppose ε, δ > 0 satisfy the above statement, f : Z → Z is continuous, and
(x, y) ∈ Sε((Z, d), f), then lim inf
n→∞
d(fn(x), fn(y)) = 0 thus there exists subsequence
{d(fnk(x), fnk(y))}k≥1 such that
lim
k→∞
d(fnk(x), fnk(y)) = lim inf
n→∞
d(fn(x), fn(y)) = 0 .
Since Z × Z is a compact metrizable space, there exists subsequence
{(fnkl (x), fnkl (y))}l≥1 of {(f
nk(x), fnk(y))}k≥1 converging to a point of Z × Z
like (z, w), hence d(z, w) = lim
l→∞
d(fnkl (x), fnkl (y)) = lim
k→∞
d(fnk(x), fnk(y)) = 0
and z = w, therefore lim
l→∞
d′(fnkl (x), fnkl (y)) = d′(z, w) = 0, and
lim inf
n→∞
d′(fn(x), fn(y)) = 0 .
Moreover, lim sup
n→∞
d(fn(x), fn(y)) > ε, hence there exists subsequence
{d(fmt(x), fmt(y))}t≥1 such that
lim
t→∞
d(fmt(x), fmt(y)) = lim sup
n→∞
d(fn(x), fn(y)) > ε .
Again, since Z × Z is a compact metrizable space, there exists subsequence
{(fmtl (x), fmtl (y))}l≥1 of {(f
mt(x), fmt(y))}t≥1 converging to a point of Z × Z
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like (u, v), hence d(u, v) = lim
l→∞
d(fmtl (x), fmtl (y)) = lim sup
n→∞
d(fn(x), fn(y)) > ε
therefore d′(u, v) ≥ δ. Thus
lim sup
n→∞
d′(fn(x), fn(y)) ≥ lim
l→∞
d′(fmtl (x), fmtl (y)) = d′(u, v) ≥ δ > δ/2 ,
which shows (x, y) ∈ Sδ/2((Z, d
′), f) So we have, Sε((Z, d), f) ⊆ Sδ/2((Z, d
′), f).
Using the above argument we have:
∀ε > 0 ∃µ > 0 (Sε((Z, d), f) ⊆ Sµ((Z, d
′), f))
and S((Z, d), f) = S((Z, d′), f), i.e. the definition of an scrambled pair is indepen-
dent of chosen compatible metric on Z (for more details see [4]).
We recall that for compact metrizable space Z and ε > 0, we say the dynamical
system (Z, f) is:
• Li-Yorke chaotic, if Z has an uncountable scrambled subset;
• Li-Yorke sensitive, if there exists κ > 0 such that for every x ∈ X and open
neighborhood U of x there exists y ∈ U with (x, y) ∈ Sκ(Z, f) [8];
• densely ε−chaotic, if Sε(Z, f) is a dense subset of Z × Z [10];
• spatiotemporally chaotic, if for every x ∈ X and open neighborhood U of x
there exists y ∈ U such that x, y are scrambled [14];
• densely chaotic, if S(Z, f) is a dense subset of Z × Z [10];
• topological transitive, if for all nonempty open subsets U, V of Z there exists
n ≥ 1 with U ∩ fn(V ) 6= ∅[7];
• Devaney chaotic, if it is topological transitive, Per(f) is dense in Z (i.e.,
(Z, f) has dense periodic points), and it is sensitive dependence to initial
conditions (by [6] sensitivity dependence to initial conditions is redundant).
Convention 2.2. In the following text suppose X is a finite discrete space with
at least two elements, Γ is a nonempty countable set, and ϕ : Γ→ Γ is a self-map.
Suppose Γ = {β1, β2, . . .} equip X
Γ with metric:
D((xα)α∈Γ, (yα)α∈Γ) =
∑
n≥1
δ(xβn , yβn)
2n
((xα)α∈Γ, (yα)α∈Γ ∈ X
Γ)
where δ(a, a) = 0 and δ(a, b) = 1 for a 6= b. Then D is a compatible metric with
product topology of XΓ.
3. Li-Yorke sensitive generalized shift dynamical systems
In this section we prove that the system (XΓ, σϕ) is Li-Yorke sensitive (resp. densely
ε−chaotic for some ε > 0, spatiotemporally chaotic, dense chaotic) if and only if
ϕ : Γ→ Γ does not have any periodic point, i.e. W (ϕ) = Γ.
Lemma 3.1. If ϕ : Γ → Γ does not have any periodic point, then for all finite
nonempty subsets A,B of Γ, {n ∈ Z : ϕn(A)∩B 6= ∅} has at most card(A)card(B)
elements and it is finite.
Proof. Since ϕ : Γ→ Γ does not have any periodic point, it does not have any quasi
periodic point too. We prove for α, β ∈ Γ, K = {n ∈ Z : β ∈ ϕn({α})} is void or
singleton. Otherwise there exists distinct n,m ∈ K. Suppose n < m, we have the
following cases:
• 0 ≤ n < m. In this case ϕn+1(α) = ϕ(β) = ϕm+1(α) and α is a quasi
periodic point of ϕ.
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• n < 0 ≤ m. In this case ϕ−n(β) = α and β = ϕm(α) which leads to
ϕ−n+m+1(α) = ϕ−n+1(β) = ϕ(α) and α is a quasi periodic point of ϕ.
• n < m < 0. In this case ϕ−n(β) = α = ϕ−m(β) and β is a quasi periodic
point of ϕ.
Using the above cases ϕ : Γ→ Γ has a quasi periodic point, which is a contradiction.
Hence K has at most one element, which leads to the fact that
{n ∈ Z : ϕn(A) ∩B 6= ∅} =
⋃
{{n ∈ Z : β ∈ ϕn({α})} : (α, β) ∈ A×B}
has at most card(A)card(B) elements. 
Lemma 3.2. Suppose ϕ : Γ → Γ does not have any periodic point,
((xα)α∈Γ, (yα)α∈Γ) ∈ S(X
Γ, σϕ), ((zα)α∈Γ, (wα)α∈Γ) ∈ X
Γ × XΓ and there ex-
ist ψ1, . . . , ψn ∈ Γ such that for all α ∈ Γ \ {ψ1, . . . , ψn} we have both xα = zα and
yα = wα. Then ((zα)α∈Γ, (wα)α∈Γ) ∈ S(X
Γ, σϕ) and:
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = lim sup
t→∞
D(σtϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ)) .
Proof. Given ε > 0 there exists N ≥ 1 with
∑
i≥N
1
2i
< ε2 . Using Lemma 3.1 there
exists K ≥ 1 with
ϕt({β1, . . . , βN}) ∩ {ψ1, . . . , ψn} = ∅ for all t ≥ K.
Thus xϕt(βi) = zϕt(βi) and yϕt(βi) = wϕt(βi) for all 1 ≤ i ≤ N and t ≥ K. Hence
for all t ≥ K we have:
∣∣D(σtϕ((xα)α∈Γ), σtϕ((yα)α∈Γ))−D(σtϕ((zα)α∈Γ), σtϕ((wα)α∈Γ))∣∣
=
∣∣∣∣∣∣
∑
i≥1
δ(xϕt(βi), yϕt(βi))
2i
−
∑
i≥1
δ(zϕt(βi), wϕt(βi))
2i
∣∣∣∣∣∣
≤
∣∣∣∣∣∣
∑
1≤i≤N
(
δ(xϕt(βi), yϕt(βi))− δ(zϕt(βi), wϕt(βi))
2i
)∣∣∣∣∣∣ +∣∣∣∣∣
∑
i>N
(
δ(xϕt(βi), yϕt(βi))− δ(zϕt(βi), wϕt(βi))
2i
)∣∣∣∣∣
=
∣∣∣∣∣∣
∑
1≤i≤N
(
δ(xϕt(βi), yϕt(βi))− δ(xϕt(βi), yϕt(βi))
2i
)∣∣∣∣∣∣+∣∣∣∣∣
∑
i>N
(
δ(xϕt(βi), yϕt(βi))− δ(zϕt(βi), wϕt(βi))
2i
)∣∣∣∣∣
=
∣∣∣∣∣
∑
i>N
(
δ(xϕt(βi), yϕt(βi))− δ(zϕt(βi), wϕt(βi))
2i
)∣∣∣∣∣
≤
∑
i>N
(
δ(xϕt(βi), yϕt(βi)) + δ(zϕt(βi), wϕt(βi))
2i
)
≤
∑
i>N
2
2i
< ε .
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Using
∣
∣D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ))−D(σ
t
ϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ))
∣
∣ < ε (∀t ≥ K) ,
we have:
∣
∣
∣
∣
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ))− lim sup
t→∞
D(σtϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ))
∣
∣
∣
∣
≤ ε ,
and
∣
∣
∣lim inf
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ))− lim inf
t→∞
D(σtϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ))
∣
∣
∣ ≤ ε .
Note to the fact that ε > 0 is arbitrary, we have:
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = lim sup
t→∞
D(σtϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ)) ,
and
lim inf
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = lim inft→∞
D(σtϕ((zα)α∈Γ), σ
t
ϕ((wα)α∈Γ)) ,
which lead to the desired result. 
The following remark deal with the situation W (ϕ) 6= ∅, and its connection to
Li-Yorke chaoticity of (XΓ, σϕ), which is useful for coming propositions, however
we add some more details on topological chaocity, we recall that the system (Z, f)
is topologically chaotic if it has positive entropy (for the definition of topological
entropy and more details see [13]).
Remark 3.3. We know some equivalent conditions to W (ϕ) 6= ∅, briefly by [4,
Theorem 3.3] the system (XΓ, σϕ) is Li-Yorke chaotic (resp. has an scrambled pair)
if and only if the map ϕ : Γ → Γ has at least one non-quasi periodic point. The
condition W (ϕ) 6= ∅ is also equivalent to topological chaoticity of (XΓ, σϕ), let:
o(ϕ) = sup({0} ∪ {n ∈ N : there exist non− quasi periodic points α1, . . . , αn ∈ Γ
such that {ϕn(αi) : n ≥ 0}s are pairwise disjoint (and infinite)})
then by [2, Theorem 4.7], topological entropy of σϕ is equal to o(ϕ) log |X |, hence
(XΓ, σϕ) is topologically chaotic if and only if o(ϕ) > 0, i.e., ϕ : Γ→ Γ has at least
one non-quasi periodic point.
Lemma 3.4. If ϕ : Γ→ Γ does not have any periodic point, then in the generalized
shift dynamical system (XΓ, σϕ) there exists µ > 0 such that for all (xα)α∈Γ ∈ X
Γ,
there exists (yα)α∈Γ ∈ X
Γ with ((xα)α∈Γ, (yα)α∈Γ) ∈ S(X
Γ, σϕ) and:
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = µ .
Proof. Since ϕ : Γ→ Γ does not have any periodic point, it does not have any quasi
periodic point, and all of points of Γ are non-quasi periodic, hence by Remark 3.3
there exists ((pα)α∈Γ, (qα)α∈Γ) ∈ S(X
Γ, σϕ), let:
µ := lim sup
t→∞
D(σtϕ((pα)α∈Γ), σ
t
ϕ((qα)α∈Γ)) .
Consider (xα)α∈Γ ∈ X
Γ and choose (yα)α∈Γ ∈ X
Γ such that:
yα
{
= xα pα = qα ,
∈ {pα, qα} \ {xα} pα 6= qα .
hence xα = yα if and only if pα = qα, therefore
δ(xα, yα) = δ(pα, qα) (∀α ∈ Γ) .
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For all t ≥ 1 we have:
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) =
∑
i≥1
δ(xϕt(βi), yϕt(βi))
2i
=
∑
i≥1
δ(pϕt(βi), qϕt(βi))
2i
= D(σtϕ((pα)α∈Γ), σ
t
ϕ((qα)α∈Γ))
which leads to
lim inf
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = lim inf
t→∞
D(σtϕ((pα)α∈Γ), σ
t
ϕ((pα)α∈Γ)) = 0 ,
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = lim sup
t→∞
D(σtϕ((pα)α∈Γ), σ
t
ϕ((pα)α∈Γ)) = µ > 0 ,
and ((xα)α∈Γ, (yα)α∈Γ) ∈ S(X
Γ, σϕ). 
It’s evident that if (XΓ, σϕ) is Li-Yorke sensitive, then it is is spatiotemporally
chaotic which implies in its turn that it is dense chaotic, now we have the following
lemma.
Proposition 3.5. If (XΓ, σϕ) is dense chaotic, then W (ϕ) = Γ (i.e., ϕ : Γ → Γ
does not have any periodic point).
Proof. Consider β ∈ Per(ϕ) and n ≥ 1 with ϕn(β) = β, we prove (XΓ, σϕ) is not
dense chaotic. We may also suppose β1 = β, β2 = ϕ(β), . . . , βn = ϕ
n−1(β). Choose
distinct p, q ∈ X and let:
Uα =
{
{p} α = β1, . . . , βn ,
X otherwise ,
Vα =
{
{q} α = β1, . . . , βn ,
X otherwise ,
also let:
U =
∏
α∈Γ
Uα , V =
∏
α∈Γ
Vα ,
then U ×V is a nonempty open subset of XΓ×XΓ. Consider ((xα)α∈Γ, (yα)α∈Γ) ∈
U × V we have xβ1 = · · · = xβn = p and yβ1 = · · · = yβn = q. For all k ≥ 1 we
have ϕk(β) ∈ {β1, . . . , βn} which leads to xϕk(β) = p and yϕk(β) = q, thus:
D(σkϕ((xα)α∈Γ, (yα)α∈Γ)) = ((xϕk(α))α∈Γ, (yϕk(α))α∈Γ)
≥
1
2
δ(xϕk(β), yϕk(β)) =
1
2
δ(p, q) =
1
2
.
Hence
lim inf
k→∞
D(σkϕ((xα)α∈Γ, (yα)α∈Γ)) ≥
1
2
and (x, y) /∈ S(XΓ, σϕ). Using (U × V ) ∩ S(X
Γ, σϕ) = ∅ we have the desired
result. 
Using Lemmas 3.4 and 3.2, we have the following proposition, which is a part of
our main theorem.
Proposition 3.6. If ϕ : Γ→ Γ does not have any periodic point, then (XΓ, σϕ) is
Li-Yorke sensitive.
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Proof. Suppose ϕ : Γ → Γ does not have any periodic point by Lemma 3.4 there
exists µ > 0 such that for all (xα)α∈Γ ∈ X
Γ, there exists (yα)α∈Γ ∈ X
Γ with
((xα)α∈Γ, (yα)α∈Γ) ∈ S(X
Γ, σϕ) and
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((yα)α∈Γ)) = µ .
Suppose Γ = {β1, β2, . . .} and for all n ≥ 1 define yn = (y
n
α)α∈Γ with:
ynα =
{
xα α ∈ {β1, . . . , βn} ,
yα otherwise .
Using Lemma 3.2 we have ((xα)α∈Γ, (y
n
α)α∈Γ) ∈ S(X
Γ, σϕ) for all n ≥ 1 and
lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ((y
n
α)α∈Γ)) = lim sup
t→∞
D(σtϕ((xα)α∈Γ), σ
t
ϕ(yn)) = µ. Us-
ing lim
n→∞
(ynα)α∈Γ = (xα)α∈Γ for all open neighborhood U of (xα)α∈Γ there exists
n ∈ N with yn ∈ U . 
Now we are ready to prove our main theorem on Li-Yorke sensitive generalized
shifts.
Theorem 3.7 (Main theorem: Li-Yorke sensitive generalized shifts). For finite
discrete X with at least two elements, nonempty countable set Γ and ϕ : Γ → Γ,
the following statements are equivalent:
1. the system (XΓ, σϕ) is Li-Yorke sensitive;
2. for some ε > 0, (XΓ, σϕ) is densely ε−chaotic;
3. the system (XΓ, σϕ) is spatiotemporally chaotic;
4. the system (XΓ, σϕ) is dense chaotic;
5. the map ϕ : Γ→ Γ does not have any periodic point (i.e., W (ϕ) = Γ).
Proof. Use Propositions 3.5, 3.6 and the fact that every Li-Yorke sensitive system is
densely ε−chaotic for some ε > 0, also every ε−chaotic system is spatiotemporally
chaotic, moreover every spatiotemporally chaotic system is dense chaotic. 
4. Sensitivity conditions in generalized shift dynamical systems
We recall that the dynamical system (Z, f) with compact metric (Z, d) is [12]:
• sensitive if there exists ε > 0 such that for all x ∈ Z and open neighborhood
V of x there exist n ≥ 0 and y ∈ U with d(fn(x), fn(y)) > ε;
• strongly sensitive, if there exists ε > 0 such that for all x ∈ Z and open
neighborhood V of x there exist n0 ≥ 0 and y ∈ U with d(f
n(x), fn(y)) > ε
for all n ≥ n0;
As it has been mentioned in [8, Theorem 3], (Z, f) is sensitive if and only if there
exists ε > 0 such that {(x, y) ∈ Z × Z : lim sup
n→∞
d(fn(x), fn(y)) > ε} is dense in
Z×Z. Using a similar method described in Note 2.1 being sensitive (resp. strongly
sensitive) does not depend on compatible metric on Z. Now we are ready to prove
that the system (XΓ, σϕ) is sensitive (resp. strongly sensitive) if and only if it is
Li-Yorke chaotic, i.e. W (ϕ) 6= ∅.
Proposition 4.1. If W (ϕ) 6= ∅, then (XΓ, σϕ) is strongly sensitive.
Proof. Suppose W (ϕ) 6= ∅ and choose θ ∈ W (ϕ), we may suppose θ = βk (see
Convention 2.2). If U is an open neighborhood of x = (xα)α∈Γ ∈ X
Γ, for each
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α ∈ Γ there exists Vα ⊆ X such that x = (xα)α∈Γ ∈
∏
α∈Γ
Vα ⊆ U and for each
α ∈ Γ \F , we have X = Vα for a finite subset F of Γ. Since {ϕ
n(θ)}n≥1 is a one to
one sequence, there exists N ≥ 1 such that for all n ≥ N we have ϕn(θ) /∈ F , i.e.
{ϕn(θ) : n ≥ N} ⊆ Γ \ F . So
{(yα)α∈Γ ∈ X
Γ : ∀α 6= ϕN (θ), ϕN+1(θ), ϕN+2(θ), . . . , yα = xα} ⊆ U .
For all m ≥ N choose pm ∈ X \ {xϕm(θ)}, also let
zα =
{
pm α = ϕ
m(θ),m ≥ N ,
xα otherwise .
Then (zα)α∈Γ ∈ U and for m ≥ N , (uα)α∈Γ = σ
m
ϕ ((zα)α∈Γ), (vα)α∈Γ =
σmϕ ((xα)α∈Γ) we have
D(σmϕ ((xα)α∈Γ), σ
m
ϕ ((zα)α∈Γ)) = D((vα)α∈Γ, (uα)α∈Γ)
≥
δ(vθ , uθ)
2k
=
δ(xϕm(θ), zϕm(θ))
2k
=
δ(xϕm(θ), pm)
2k
=
1
2k
.
Hence (XΓ, σϕ) is strongly sensitive. 
Proposition 4.2. If W (ϕ) = ∅, then (XΓ, σϕ) is not sensitive.
Proof. Suppose W (ϕ) = ∅ and consider arbitrary ε > 0, then there exists N ≥ 1
such that
1
2N
< ε. Since W (ϕ) = ∅, for all α ∈ Γ the set {ϕn(α) : n ≥ 0} is finite.
Thus
Λ := {ϕn(βi) : i ∈ {1, . . . , N}, n ≥ 0}
is finite too, for x = (xα)α∈Γ ∈ X
Γ, U = {(yα)α∈Γ ∈ X
Γ : ∀α ∈ Λ (yα = xα)}
is an open neighborhood of (xα)α∈Γ ∈ X
Γ. For n ≥ 0 and (yα)α∈Γ ∈ U let
(vα)α∈Γ := σ
n
ϕ((xα)α∈Γ) and (wα)α∈Γ := σ
n
ϕ((yα)α∈Γ), then for all α ∈ Λ we have
ϕn(α) ∈ Λ and vα = xϕn(α) = yϕn(α) = wα, thus
D(σnϕ((xα)α∈Γ), σ
n
ϕ((yα)α∈Γ)) =
∑
i≥1,βi /∈Λ
δ(vβi , wβi)
2i
≤
∑
i>N
1
2i
=
1
2N
< ε .
So for all ε > 0 and x ∈ XΓ there exists open neighborhood U of x such that
D(σnϕ(x), σ
n
ϕ(y)) < ε for all y ∈ U and n ≥ 0, which leads to the desired result. 
Using Propositions 4.1 and 4.2 we have the following corollary:
Corollary 4.3 (sensitive generalized shifts). The following statements are equiva-
lent:
1. (XΓ, σϕ) is sensitive;
2. (XΓ, σϕ) is strongly sensitive;
3. ϕ : Γ→ Γ has at least non-quasi periodic point.
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4.1. A diagram. By [5, Theorem 2.13] the system (XΓ, σϕ) is Devaney chaotic
(resp. topological transitive) if ϕ : Γ → Γ is one to one without periodic points,
now we are ready to summarize Sections 3 and 4 in the following diagram, which
completes the mentioned diagram in Introduction:
ϕ is one to one and Per(ϕ) = ∅ +3
KS

W (ϕ) = Γ +3
KS

W (ϕ) 6= ∅
KS

(XΓ, σϕ) is Devaney chaotic (X
Γ, σϕ) is Li−Yorke sensitive (X
Γ, σϕ) is sensitive
The following counterexamples complete the above diagram:
• Define ϕ1 : N→ N with ϕ1(n) = 2n, then ({1, 2}
N, σϕ1) is Devaney chaotic.
• Define ϕ2 : N → N with ϕ2(1) = ϕ2(2) = 3, and ϕ2(n) = 2n for n ≥ 3,
then ({1, 2}N, σϕ2) is Li-Yorke sensitive and it is not Devaney chaotic.
• Define ϕ3 : N → N with ϕ3(1) = ϕ3(2) = 2, and ϕ3(n) = 2n for n ≥ 3,
then ({1, 2}N, σϕ3) is sensitive and it is not Li-Yorke sensitive.
• Define ϕ4 : N → N with ϕ4(1) = 1, and ϕ4(n) = n − 1 for n ≥ 2, then
({1, 2}N, σϕ4) is not sensitive.
4.2. On more types of sensitivity. According to [12] we dynamical system
(Z, f) with compact metric (Z, d) asymptotic sensitive if there exists ε > 0 such
that for all x ∈ Z and open neighborhood V of x there exists y ∈ U with
lim sup
n→∞
d(fn(x), fn(y)) > ε, so we have the following diagram:
strongly sensitive ⇒ asymptotic sensitive ⇒ sensitive
For ε > 0 and open subset V of Z letN(V, ε) = {n ≥ 0 : ∃x, y ∈ V (d(fn(x), fn(y)) >
ε)} and we call A ⊆ N ∪ {0} syndetic if there exists N ≥ 1 with {i, i + 1, . . . , i +
N}∩A 6= ∅ for all i ≥ 1. According to [9] we call (Z, f) syndetically sensitive (resp.
cofinitely sensitive) if there exists ε > 0 such that for all nonempty open subset V
of Z, N(V, ε) is syndetic (resp. cofinite), so we have the following diagram:
strongly sensitive ⇒ cofinitely sensitive ⇒ syndetically sensitive ⇒ sensitive
Regarding [9] we call (Z, f) multi-sensitive if there exists ε > 0 such that for all
k ≥ 1 and nonempty open subsets V1, . . . , Vk of Z, we have
⋂
1≤n≤k
N(Vn, ε) 6= ∅,
which leads to the following diagram:
strongly sensitive ⇒ multi-sensitive ⇒ sensitive
Finally we call (Z, f) ergodically sensitive [9] if there exists ε > 0 such that for
all nonempty open subset V of Z, lim sup
n→∞
|N(V, ε) ∩ {0, . . . , n}|
n+ 1
> 0, where |A|
denotes the cardinality of A. It is easy to see that we have the following diagram:
strongly sensitive ⇒ ergodically sensitive ⇒ sensitive
Using the above diagrams, Remark 3.3 and Corollary 4.3, the following statements
are equivalent:
• the system (XΓ, σϕ) is Li-Yorke chaotic (resp. has an scrambled pair);
• the system (XΓ, σϕ) is topological chaotic;
• the system (XΓ, σϕ) is sensitive;
• the system (XΓ, σϕ) is strongly sensitive;
• the system (XΓ, σϕ) is asymptotic sensitive;
• the system (XΓ, σϕ) is syndetically sensitive;
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• the system (XΓ, σϕ) is cofinitely sensitive;
• the system (XΓ, σϕ) is multi-sensitive;
• the system (XΓ, σϕ) is ergodically sensitive;
• the map ϕ : Γ→ Γ has at least non-quasi periodic point.
5. Conclusion
Considering a generalized shift dynamical system (XΓ, σϕ) for finite discreteX with
at least two elements, nonempty countable set Γ and self-map ϕ : Γ→ Γ we obtain
the following facts which make it easier for us to determine dynamical properties of
(XΓ, σϕ) regarding elementary properties of ϕ : Γ→ Γ. So the following statements
are equivalent:
• the system (XΓ, σϕ) is Li-Yorke sensitive (resp. spatiotemporally chaotic,
dense chaotic);
• for some ε > 0, (XΓ, σϕ) is densely ε−chaotic (resp. generically ε−chaotic);
• the map ϕ : Γ→ Γ does not have any periodic point.
Also ϕ : Γ → Γ has at least non-quasi periodic point if and only if (XΓ, σϕ)
is sensitive (resp. strongly sensitive, asymptotic sensitive, syndetically sensitive,
cofinitely sensitive, multi-sensitive, ergodically sensitive, topological chaotic, Li-
Yorke chaotic). However, this text can be considered as a forthcoming note on
characterizing dynamical properties of (XΓ, σϕ) regarding elementary properties of
ϕ : Γ→ Γ, as (for mixing, weakly mixing, exact Devaney chaotic, locally eventually
onto, and ϕ−backwarding infinite sequence’s concept in the following lines see [5]):
• the set of periodic points of σϕ is dense in X
Γ if and only if ϕ : Γ → Γ is
one to one [5, Theorem 2.6];
• the system (XΓ, σϕ) is Devaney chaotic (resp. topological transitive, mix-
ing, weakly mixing) if and only if ϕ : Γ→ Γ is one to one without periodic
points [5, Theorem 2.13];
• the system (XΓ, σϕ) is exact Devaney chaotic (resp. locally eventually onto)
if and only if ϕ : Γ → Γ is one to one without neither periodic points nor
ϕ−backwarding infinite sequences [5, Corollar 3.5];
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